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Abstract

The interaction problem of a number of arbitrary oriented and distributed cracks and/or dislocations in bonded bi-
material half planes, are considered in a unified method. The basic solution of a single dislocation in a bonded half
plane and the superposition technique, are used. The method has high accuracy and computational efficiency. It can
treat the combined interaction of cracks, dislocations and interface. Several examples are given to show certain in-
teraction effects, especially among cracks near an interface. © 2002 Elsevier Science Ltd. All rights reserved.

Keywords: Bonded planes; Crack growth; Energy release rate; Interaction among cracks; Interface crack

1. Introduction

Interfaces, imperfections (such as dislocations and cracks) and their interactions play an important role
in understanding the fracture behavior of multiphase solids, and have received considerable attention. This
study was mainly motivated by the fact that damage development in composite materials is character-
ized by the initiation and accumulation of multiple, interacting cracks. This multiplicity of interacting and
competing modes is in contrast to the interaction and self-similar propagation of a singular crack observed
in isotropic, homogeneous materials. For homogeneous materials, interactions among multiple cracks, or
between a crack and dislocation, have been analyzed by a number of investigators, and they will not be
mentioned here. For inhomogeneous materials, interactions of cracks, dislocations and interfaces, have also
been considered by several researchers. Among them, Chen (1986), Isida and Noguchi (1993), Hu et al.
(1994), and Otsu et al. (1999) have provided solution for cracks interacting in bonded planes, but excluding
interface cracks. Using complex potential method, Suo (1989) and Zhang and Li (1992) have analyzed the
problem of a dislocation interacting with an interfacial crack. Employing displacement dislocations method
in conjunction with Mellin transforms, Goree and Venezia (1977) investigated the problem of an interface
crack with a perpendicular crack. Combining pseudo-traction and dislocation method, Zhao and Chen
(1996) considered the interaction problems of an interface crack with a parallel sub-interface crack. Based
on the solution of a concentrated body force in bonded half planes with an interface crack, Isida and
Noguchi (1994) investigated the problem of non-interface crack(s) interacting with an interfacial one. In the
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works cited above, interfacial cracks are either excluded or limited to a single one only. There are still some
interaction problems of cracks in bonded dissimilar media, especially associated ones with more than one
interface crack (interacting with other cracks and dislocations), which have not yet been solved.

For the interacting elastic problem of multiple cracks, except for numerical approaches such as finite
element or boundary element method, the usual analytical-numerical approach is superposition technique
which uses some kind of basic solutions. For example in the body force method (or “pseudo-traction”
method or distributed dislocation method), the elastic solution of (arbitrary) distributed body forces
(tractions or dislocations) applied along a single crack is the basic which is required, and their density is
determined from the boundary conditions. Ample references are provided regarding different methods used
for multiple cracks in an article by Burton and Phoenix (2000). With respect to the superposition technique
and corresponding body force method, the interested readers are encouraged to consult works by Isida and
Noguchi (1993, 1994), in the case of “pseudo-tractions” method, that by Kachanov (1994), and for the
distributed dislocation method, the monograph by Hills et al. (1996), among others.

In this paper we will use a unified technique to analyze the interaction problems among arbitrarily
oriented and distributed cracks and dislocations, including interfacial ones, in bonded dissimilar half
planes. The fundamental solution is that of a dislocation in a bonded half planes, and the superposition
technique and the complex potential method will be used. The method presented here is a simple one yet
versatile enough to solve interaction problems among interfacial cracks, non-interface cracks and dislo-
cations. In this new method, there are no limits to the number, orientations and location of cracks and
dislocations.

2. Formulation
2.1. Problem statement

Let us consider two bonded half planes with multiple interfacial cracks and/or dislocations, and other
arbitrarily oriented and distributed cracks and/or dislocations, see Fig. 1. A global coordinate system Oxy is
chosen with the x-axis coinciding with the bi-material interface. Material 1 occupies the upper half plane
denoted by the domain D,, and material 2 occupies the lower half planes D,. The Young’s moduli, shear
moduli and Poisson’s ratios are denoted by E\, u,, v, and Ej, u,, v, respectively. It is assumed that M edge
dislocations and N cracks are scattered on the plane. We concentrate on the mth dislocation and jth crack,
and consider a local tangential-normal coordinate system O;x;y; associated with the jth crack. The half
length, inclination angle, and position vector of the center O; of the jth crack are denoted by a;, 0; and z,,
respectively.

Let the solid be subjected to far field stresses denoted by o7y (in Dy), 635 (in D»), 67° and o7;. The applied
stresses in the x-direction are related such that to produce constant strains in the x-direction at points
remote from the crack. The following relation must then hold (see e.g. Goree and Venezia (1977) and Isida
and Noguchi (1993)):

1

6x1:1+K]{#—;(1—|—K2)0x2+ 3—K1—#—;(3—K2):|0'y} (1)

with x; = 3 — 4y, for plane strain and x; = (3 —v;)/(1 4+ v;) for plane stress, i = 1, 2.

The interaction among dislocations and cracks in bonded half planes can be obtained by the super-
position technique. The M dislocations and N cracks system is divided into M single-dislocation and N
single-crack problems. Cracks can be modeled by continuously distributed dislocations. Based on the
superposition technique, the solutions of a single dislocation and a single crack in a bonded half planes are
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Fig. 1. Bonded half planes with arbitrarily distributed cracks and dislocations.

required for the current analysis. The single crack solution can also be derived from the single dislocation
solution, so the fundamental single dislocation solution is given first in details.

2.2. Basic formulae and fundamental solution

For an isotropic elastic body under plane deformation, the stress components can be represented by two
complex potentials @(z) and Q(z) (see e.g. Muskhelishvili (1953) and Suo (1989)), as

e + 0y = 2[P(2) + O(2)]
Gy — 0y = B(2) + QF) + ( — 2P ) 2)
where a bar over a symbol indicates the conjugate form.

For a single edge dislocation located at z = s,, in D, (one domain of bonded half planes), the complex
potentials was given by Suo (1989) as,

_ (1 +A)¢0(Z), z in D1 _ (1 +H)Q0(Z), z in D]
ﬂ”—{%@+n§¢%znub Q) =\ Quz) + ABy (=), zin D (32)
where
1 o 1 Em — Sm H .
D = Bm ) Q = Bm Bm 3 m = T 7 1\ bmx bmv 3
O(Z) z— s, O(Z) Z—Sm+ (Z*Sm)z ln(Kz—l-l)( +1 ) ( b)

and b,, and b,, are the x- and y-components of the Burger’s vector of the dislocation. Here A and II
measure the inhomogeneity by

o+ p H_oc—ﬁ (30)

=10 T=17g
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with o and f being Dundurs’ parameters,

o+ —p(a +1) ﬁ:lh('cz—l)—#z('ﬂ—l) (3d)
w2 + 1) + py(ry + 1) (2 + 1) + py (g + 1)
Substituting Eq. (3a) into Eq. (2), the field induced by the dislocation can be calculated. In particular, the

stress components (in the local coordinate system O,x;;) at a point z (= zg, + x;€'%) along the kth crack
line (with angle 0;), can be obtained as

Oy + io_xky/: = B.&1 (Z, Sm) + Eng(Z,Sm) (4)
where
1 sior Z—Sm 1 Sw—Sm 0 Z—Sm
&1 = - p I ——+— PR
Z = Sm (z—sm) Z=8n  (Z—Sm) (z—5m)
1 1 1 5 ( Sa)(z+ 5, — 22) 1 Ga)
. Sm — Sm i Sm — Sm)\Z Spm — 2Z i
g =—"+e + 11| - 4+ e — + AePth ——
Z—8m Z = 8m Z—8m (Z—Sm) (Z—Sm) Z—8m

if the kth crack is also located in the same domain D, with the mth dislocation or is on the interface.
However, if the kth crack is located in D;, a different domain than the mth dislocation, then

o= (14 A)—— ¢ gt LH G =) = (14 A)(Z = 50)

Z—Sp (zfs,,,)2
1 .
—+ 6210"(1 +1I)

1 (5b)

Z— Sy Z— Sy

e=01+4)

Similarly, when the edge dislocation is located at z = s,, in domain D, the results can be obtained by
simply exchanging the subscripts 1 and 2 in Eqgs. (3a), (3b) and (3d), respectively. For the sake of brevity, in
the following, the effects of a dislocation or a crack in the domain D; on other dislocations or cracks will not
be repeated. However, the numerical examples will contain this case.

The solution of an interfacial dislocation can be obtained as the dislocation approaches the interface
from any domain, such as D, of bonded half planes. When the dislocation is located at the interface z = s,,,
noting that s, is real, its complex potentials are obtained from Eq. (3a) as,

. (1 + A)q)0(2)7 z in D] _ (1 + H)Qo(Z), zin Dl
b(2) = { 1+ Mdo(z), zinDy 2@ =V (14 4)Q(), = in Dy (6)
with
_ 1 _ 5 1 _ H .
(po(z) - BmZ — s, ; QO(Z) - BmZ s , Bu= iTE(Kz T 1) (bmx + lbmy)

The stress components along the kth crack line, induced by the interface dislocation, can be obtained
and expressed in the form of Eq. (4), with
1 . Z—Sp 1 . 1
g =+ —— — (1 + )22 gy = (14 IT)—— + 2% (1 + A)

Z—Sn (z—sm) Z—Sn Z—Sn

(7a)
if the kth crack is also located in the domain D,. However, if the kth crack is located in the domain D;, then
Z— S,

. 1 : 1
— e (1 +41) 50 &=+ A) ——+e(1+1)

Z—Sm (Z—Sm) Z— Sp Z— Sm

g1 =(1+4)

(7b)

Finally, if the kth crack is on the interface
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1
g1 =0, g2=(2+n+/1>x

T Om

+ (A — )ind(x — s,) (7c)

where 6 denotes the Dirac delta function.

Up to this point, the complex functions for an edge dislocation in bonded half planes have been given
irrespective of the position of dislocation, be it either in a half plane or in the interface. Thus the stress field
along any crack line (for an arbitrarily located crack) produced by the dislocation, are now known.

2.3. Solution of a crack in a bonded half planes

A crack can be modelled by continuously distributed edge dislocations along the crack line where the
dislocation density function is determined from boundary conditions. Since the solution of a single dis-
location is known, the crack field due to the continuously distributed dislocations can be derived by in-
tegrating the effect of a single dislocation.

The stress components along the kth crack line, induced by the jth crack with dislocation density
function B;(¢;) (|| < a;), are obtained by integrating the single dislocation result as

Ty T 10y, = / [B(&,)g1 (xk, &) + B;(&))&a2(x, €)1 dE; ®)
where x; and ¢&; are the coordinates of the point z (on the kth crack line) and s; (on the jth crack line), i.e.
z=1zo, + &%, 5, = zo, + £, and g;(z,5;) = gi(z0, + Xk, zo, + ;') will be denoted simply by g;(x, &)
(i=1,2), and the functions g;(z,s;) for a single dislocation located in s; are known from the previous
section. As a particular case, for the integration along kth crack line itself, the corresponding g;(z,s;) can
be simplified from Eq. (5a) as

1 Sk — 8 . Z—5§
g = — 7k kz _ ot 7k2
28 (2—s0) (z—5)
; e (%)
&= 262i9k 1 1 _ 1 n Sk — Sk2 + ezigk (Sk — Sk)(Z —+ S3k — 22) n ACZin 1 ]
RN CRUREY %) s

where z = zg, + x;e'%, s, = zo, + &%, When the kth crack is on the interface, g; and g, can be obtained
from Eq. (7c) as

g =0, &2=02+0+4) + (A = I)ind(x; — &) (9b)

Xk — Gk
Thus, the stress fields along any crack line produced by the distributed dislocations along any (arbitrary)
crack line, including itself, are obtained.

2.4. Integral equations

The solutions of a single dislocation and a crack are thus far known. Using the superposition technique,
summing the effects of all dislocations and cracks on the presumed location of the kth crack, and imposing
the traction-free condition (in the local coordinate system O.x;y;), we get

M

N aj _
Z[Bmgl (Z7Sm) + Eng(ngm)] + Z / [Bj(é/)gl (xka é/) + Bj(éj)g2(xk7 f/)] dé/ + O-Sk}’k + io'gk},,
j=1 J=q

m=1

=0 k=1,....N (10)
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where z = zo, +x;¢'% is on the kth crack line. Note that ay, and g} are the stress components at the

location of the kth crack produced by external loads, excluding all dislocations and cracks. They are
determined from

YkJ’k + IGXA,Vk - E (Gx + O-v )(1 - e210k) + (O-v + lo-x )6210A
with ¢2° = ¢y and ¢ for the crack in domain D, and D, respectively, and owk + 10)% =or+ iaf;’ for the
crack in the interface. In the governing equations (10), the dislocation density functions B;(¢;) (j =
1,...,N) are unknown and hence have to be determined.
Assuming there are N; non-interfacial cracks (k=1,...,N;) and N, (=N — N;) interfacial ones

(k=N +1,...,N), and depending on the characteristic of the integral kernels, Eq. (10) can be expressed
explicitly in terms of singular integral equations as follows,

Zein/ Bu&) dé, +/ k {Bk(fk)gl (ks &) + Bi(&) [gz(xk, &) = 26@»#@} }dék

ék ay Xk —
N aj
+ Z / [B (6 )gl(xlwf)—i_B(gj)gZ(xhé)]dé = - (xk)a kzly---aNl (113)
J=1jtk 7 =aj
(24 I + A) /ak Bi(cy) d&, + [(A — I)inB, (x;)] + / )81 (X, &) + B(E))ga (i, €)] dE;
—a Xk — & =1k
=—p(), k=N +1,....N (11b)

with |x;] < ax, pOe) = S0 [Bugi(2,5m) + Buga(z,5m)] + (° o +1axm) which are known functions, and
z = zp, + x.e'%. Therefore, the governing equations for non-interfacial cracks, Eq. (11a), are singular in-
tegral equations of the first kind, and for the interfacial cracks, Eq. (11b), the singular integral equations
are of the second kind.

In addition, the single-valued condition of displacements results in the following equations (see e.g.
Erdogan et al. (1973) and Chen (1995)):

ai
/ Bk(ék)dfk:()a k= 13"'7N (12)
—a

Thus, Eqgs. (11a) and (11b) along with constraint conditions (12) provide the integral equation repre-
sentation of interactions in a general bonded half planes system containing M dislocations and N cracks.
When the governing integral equations are solved, the dislocation density functions B, (&) (k=1,...,N),
for each crack are determined, and the interaction fields are then obtained by summing all the single
dislocation and single crack fields.

2.5. Numerical solution procedure

The integral equations (11a) and (11b) can be solved by using polynomial expansion technique (see
e.g. Erdogan et al. (1973)). When the cracks are non-interfacial, the dislocation density functions By (&;)
are expressed by the first kind of Chebyshev polynomials as follows:

Bi(&) = \/% i b Ty(tx) (13a)

where 1, = & /ar, |&| < ar, |t| < 1, T)( ) are the Chebyshev polynomials of the first kind, and &;; are
coefficients of the Chebyshev polynomials which have to be determined. For the interfacial cracks, By (&;)
are expressed by the Jacobi polynomials,
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Bi(&) = W(w) D buP"" (w) (13b)
where
_ oz _ of g S N A _ ﬁ
u=Cla, Wu)=10-u)(1+7%), od=-—"S+i f=-——1s &= —1 [3
f is one of the Dundurs’ parameters, Eq. (3d), P ( ) are the Jacobi polynomials, and by, are coefficients

of the Jacobi polynomials to be determined.

Substituting the polynomial form Eqs. (13a) and (13b) of B,(¢;) into the constraint conditions (12), we
get by =0 (k=1,...,N). When Egs. (13a) and (13b) is substituted into the singular integral equations
(11a) and (11b), they reduce to a system of infinite series equations. The system of series equations can
be solved by a numerical method, such as the weighted residual method (see e.g. Erdogan et al. (1973)), or
by series expansion method (see e.g. Gross (1982)). When the infinite series (13a) and (13b) is truncated at
the L;th term, then the unknown coefficients by, (k=1,...,N, I =1,...,L;) become finite. Here we solve
the series equations by the simple collocation method, i.e. each equation is satisfied at some discrete points
on the crack location. Thus the series equations are converted into a system of linear algebraic equations
which can be solved easily.

Following the solution of governing equations, the dislocation density functions are determined, and the
stress and strain at any point of the plane are obtained by superposition. For a crack, the singular stress
term at the crack tips is the term resulting from the distributed dislocations along the crack line. The stress
components along the crack line (retaining only the singular term) are given by:

) “ B !
Ty + io_xky/( _ 2el9k / x:(_ékg Zelganbk[ <‘["k — ‘[]% — 1) /1 / ’EI% -1 (143)

—ay

if the kth crack is a non-interfacial one, with 1, = &, /ay, |x;| > ai, 1] > 1. However, if the kth crack is an
interfacial one, then

. “ B
6 + 0y, = (24 T+ A) / Lfké)dgk — 2+ 1T + A)in(1 + B)w(z, Zbk,P (14b)
- Sk
with
w(t) = l’ﬁ(r_ D (t+ 1) for 1> 1, and w(t) = —i ﬂ(l — ) (=1=1)f fort<—1
1+ p 1+p

The stress intensity factors can thus be obtained as,

Ky = Ky + iKjnr = lim V217 (0, +i0yy,) = Vaag | 2%y byTy(+ 1) (15a)
r— 7

if the kth crack is non-interfacial one. However, if the kth crack is an interfacial one, then the complex stress
intensity factors are given by,

Fie
Kk KAI + 1KAII = llm vV 271r (261 ) (G}Wk + iO'xkyk) = \/Ta;
k

Q2+ + MYy byl (£1)
]

(15b)

where r is the distance ahead of the crack tips along the crack line, and the quantities with upper and lower
signs refer to the right- and left-hand tips of the crack, respectively.
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Finally, the energy release rate is determined from,

|
Gy = T K| (16)
where £ = “8‘:1 for the kth crack in the domain Dy, £ = ’;2—; for the crack in D, and & = % (’;‘—f + “82;1)

for the crack lon the interface.

3. Numerical examples and results

First, the computational accuracy of the present method needs to be checked. There are numerous
published works, e.g. see the stress intensity factors handbook by Murakami et al. (1987), in which the
results for different crack cases are given. We have compared various results with those of ours (which we
will not mention here), and the agreement was found to be very good. In the following, we only show two
examples for the sake of comparison. The first one is an interface crack interacting with an edge dislocation,
and the second one is an interface crack interacting with another crack.

Fig. 2 shows an interfacial edge dislocation interacting with an interfacial crack. This problem was
investigated by Zhang and Li (1992), and analytic formulae of shielded or anti-shielded stress intensity
factors were presented. The results of stress intensity factors calculated by the present method are given in
Table 1, which are shown to be identical up to the fifth decimal points compared with the analytical results.
When the dislocation becomes closer to the crack, to maintain the accuracy of results, the number of series
terms (and collocation points) L, has to be increased. However, even for a very close dislocation, the series
terms need not be high to obtain a quite accurate result.

Fig. 3 shows an interfacial crack interacting with a parallel sub-interface crack. This problem was in-
vestigated by Zhao and Chen (1996). The results of stress intensity factors by the present method are given
in Table 2, and compared with those given by Chen and Hasebe (1998). It is seen that the results agree well,

HisVy
A B </
<
l 2a I d l
HasVs

Fig. 2. An interfacial crack interacting with a dislocation.

Table 1
The stress intensity factors (normalized by w,|b,|/\/7a) at the tips of an interfacial crack, produced by an edge dislocation b,, = b in
the interface (see Fig. 2), with vi = v, = 0.3 and in plane stress condition

dja L /1 =0.1 /1y =10

K at A K atB K at A K atB
1.0 11 (—7.6438E—03, —5.4806E—02) (2.2931E—-02, —9.3061E—02) (7.6438E—02, —0.54806) (—0.22931, —0.93061)
0.5 14 (—8.6563E—03, —7.1820E—02) (4.3282E—02, —0.15586) (8.6563E—02, —0.71820) (—0.43282, —1.5586)

0.1 30  (=7.9120E—03, —0.10178) (0.16615, —0.43734) (7.9120B—-02, —1.0178)  (—1.6615, —4.3734)
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Fig. 3. An interface crack interacting with a parallel sub-interface crack.

Table 2

The stress intensity factors (normalized by o,/a;) for an interface crack interaction with a parallel sub-interface crack (see Fig. 3),
compared with the results by Chen and Hasebe (1998), with a,/a; = 0.1, d/a; = 0.15, p; /1, = 0.478/1.792, v; = 0.345, v, = 0.207,
and in plane strain condition

K' at A K’ at B K’ at C K at D J
¥ =60°  Present (17858, —0.0991) (17662, 0.2661) (14313, 0.36215) (14773, —0.1173) 10~
Chen, et al. (1.786461, (1.767574, 0.264866)  (1.430882, 0.362048) (1.477131, 1074
—0.09691) —0.117351)
9 =120°  Present (1.7767, —0.0970) (1.6194, 0.0823) (0.4031, 0.3627) (1.1223, 0.3543) 1074
Chen, et al. (1.777333, (1.619560, 0.08076)  (0.403219, 0.362638) (1.121970, 0.354160) 10~*
—0.09482)

and the J-integral consistency check (see Chen and Hasebe) is satisfied. The series terms used in this ex-
ample was 30. From the above two examples, it is seen that the present method provides high accuracy and
computational efficiency.

In the following examples, the moduli of the two materials are assumed as E,/E; = 10, vi = v, = 0.3,
and plane strain condition. If the loading normal to the interface is zero, and the loading parallel to the
interface in material 2 is g, the parallel loading in material 1 will then be I'o, with I' = 0.1 for this case.

Fig. 4 shows the results of two cracks approaching the interface perpendicularly from the two materials
under far loading parallel to the interface (crack geometric parameters are indicated in the figure). The
energy release rates, G, increases as the two cracks approach the interface. This implies that the two cracks
will tend to propagate towards the interface with the increasing far field load. For a single crack ap-
proaching the interface, if it approaches the interface from the stiffer material 2, G increases; whereas, if it
approaches from the softer material 1, G decreases. This then indicates that the interface prevents the crack
from the softer material to grow towards it. The energy release rate for a crack in the stiffer material 2, is
higher than that for a crack in the softer material 1, when it is subjected to a load parallel to the interface
(note the difference in coordinate scales).

Under loading parallel to the interface, the variation of the strain energy release rate as a crack in the
stiffer material 2 approaches the interface and passes through it into the softer material 1, is depicted in Fig.
5. The results for the crossing interface crack are obtained by considering two cracks intersecting at
the interface. When the crack approaches the interface, G increases and the rate of increase accelerates at
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Fig. 4. The energy release rates (normalized by o?ma(x; + 1)/(81,)), when two cracks approaches the interface perpendicularly from
two planes, with £,/E; = 10, v; = v, = 0.3.

0
00 02 04 06 08 1.0152025 3.0 354.04550

I/

0

Fig. 5. The energy release rates (normalized by ¢?n/o(ic; + 1)/(81,)), when a crack approaches and passes through the interface from
material 2 (stiffer one).

the near interface tip A than that at the far tip B. This indicates that the crack will tend to grow towards the
interface with increasing applied load. However, once the crack crosses the interface into the softer ma-
terial, G at tip A decreases significantly, and become less than that at tip B. The implication of this is that
the crack will not tend to grow further in the softer material, provided that the fracture toughness of the
two materials are similar. Or more precisely, the crack will grow further in the softer material or propagate
at the other tip B in the original material, depends on whether the energy release ratio at the two tips of the
crack, G(A)/G(B), is greater or less than the toughness ratio of the two materials, I';/I. If G(A)/
G(B) < I'1 /Iy, the crack will tend not to grow further in the softer material. Conversely, if the inequality is
reversed, the crack will grow continuously at the tip B. After it has propagated some distance in material 1,
G at tip A begins to increase gradually as the crack becomes longer. Note that G increases monotonically
and gradually at tip B as the crack length increases.
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Fig. 6. The energy release rates (normalized by o”nly(x; + 1)/(81,)), when a crack approaches and passes through the interface from
material 1 (softer one).

The above example has practical significance. In composite laminates interleaves are inserted to increase
a composite’s fracture toughness and/or to arrest crack growth. The example indicates how to design such
interleaves.

Fig. 6 shows a crack in the softer material 1, as it approaches the interface and passes through it into
the stiffer material 2. When the crack approaches the interface, G decreases significantly at the near
interface tip A. At the far tip B, G increases continuously, and becomes greater than that at the tip A.
This implies that the interface tends to prevent the crack from growing towards the hard material. How-
ever, once the crack crosses the interface into the hard material 2, G at tip A increases significantly, and
it exceeds that at tip B. This indicates that once the crack crosses the interface, the crack will tend to
grow further in the stiffer material, assuming that the fracture toughness of the two materials are similar.
Or more precisely, the crack will have a greater tendency to grow in the stiffer material, if G(A)/
G(B) > I',/I';. As the crack grows further, G also increases gradually at tip B, though it is much less than
that at the tip A.

A crack surrounded by four stacked parallel cracks is shown in the insert in Figs. 7 and 8. This simulates
the case of an infinite periodic array of cracks approaching the interface from the stiffer material 2 (Fig. 7)
and softer material 1 (Fig. 8). The energy release rates of the central crack as it approaches the interface are
shown in Figs. 7 and 8, respectively. When the distance / of stacked cracks is very large, the interacting
effect among cracks is small, and the effect of interface on the crack has been presented before in Figs. 5 and
6. The stacked cracks display shielding effect (decreasing the energy release rate), and this effect increases as
the crack distance / decreases. As the distance / decreases to a certain limit, such as # < 0.11y, the energy
release rate of the central crack tends to zero, which implies that densely stacked cracks will prevent new
cracks from forming, and there will exist a saturation state of crack density.

The results predicted in Fig. § are in agreement with experimental observations reported by Wolodko
et al. (1999). Digital images of parallel cracks in a cross-ply laminate [0,/90;]¢ glass fiber/epoxy matrix
specimens were captured at predetermined loading levels in these experiments. Fig. 9 shows an experi-
mentally captured map of transverse crack evolution at four levels of increasing applied strain in the
longitudinal direction (0°). It is noted that the crack density tends towards a saturated level as the distance
between the transverse cracks decreases. Upon further load increase, there will be a change in failure
mechanism as the 0° fibres will carry the additional load.
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Fig. 7. The energy release rates (normalized by o°nly(ic; + 1)/(81,)), when a crack surrounded by four stacked cracks approaches the
interface from material 2 (stiffer one).
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Fig. 8. The energy release rates (normalized by ¢?nly(x; + 1)/(81,)), when a crack surrounded by four stacked cracks approaches the
interface from material 1 (softer one).

In the following examples, the remote tensional loading is perpendicular to the interface and ¢7° = g, the
loading parallel to the interface in material 2 is zero, i.e. 635 = 0, and o3}, the remote parallel loading in
material 1 is obtained from Eq. (1),

00 1 K 00 00
6"171—&—K1 37K17172(37K2) o)y = o) (17)

where the symbols have already been defined following Eq. (1).
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Fig. 9. Experimental observation of transverse cracks at various applied strain levels in a [0,/90;]g glass fiber reinforced epoxy resin
composite laminate.

Fig. 10 shows the results of an interface crack interacting with one or two nearby cracks under remote
tension loading. In Fig. 10(a) the non-interfacial cracks are parallel to the interface while those in Fig. 10(b)
are inclined 30°. When the interface crack (called main crack here) is under the surrounding crack(s)
(I < 1.5a), the energy release rate at the main crack tip A becomes less than that without interaction with
other cracks. This indicates that the main crack is shielded by the stacked cracks. When the surrounding
crack(s) is further away from the stacked arrangement (/ > 1.5a), the energy release rate of the main crack
increases. This shows that the main crack is now anti-shielded. It is also noted that a crack in the softer
material 1, has a more interaction effect on the interface crack than a crack with a similar position but in the
stiffer material 2.

Fig. 11 depicts an interface crack interacting with a parallel sub-crack subjected to a load normal to the
interface and cracks. When the position of the sub-crack is made to approach the interface, we note an
increase in the interaction effect of the cracks. It is also noted that the greatest amplified value is reached
when the sub-crack is not at the interface position but slightly away from the interface in the softer material
1. The energy release rate for the sub-crack in the softer material 1, is greater than that in a similar position
but in the stiffer material 2. Without interaction with other cracks, the energy release rate for the sub-crack
will decrease gradually, as the position of sub-crack changes from a far away location in material 1, to the
interface, and again away from the interface in material 2.

4. Discussion and conclusion

A simple and unified method is presented to treat the interaction problem of cracks, dislocations, and
interface in two bonded different materials. The multiple cracks and dislocations can be arbitrarily dis-
tributed, including interfacial ones, in a bonded half planes. Although the present analysis is derived for
distributed non-intersecting cracks, it can also be applied to intersected cracks, such as kinked and branched
cracks, by invoking the single-valued condition of displacements to intersected cracks. In the present paper,
the existing dislocations are not emitted from any special crack tip. The interacting fields for dislocations
emitted from a crack are different from those originated elsewhere (see Zhang and Li (1991, 1992)),
however, they can also be analyzed by the present method. When the moduli of the bonded materials
are the same, or the moduli of one material become zero, the bonded bi-material problem reduces to a
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Fig. 10. The energy release rate (normalized by o*na(x, + 1)/(84,)) of an interface crack, when it interacts with two other cracks with
angles 0: (a) 0 = 0°, and (b) 6 = 30°.

homogenous one and a half-plane one, respectively. Numerical examples show that the method yields high
numerical accuracy and computational efficiency. Several examples are given to show certain interaction
effects which are also of practical interest. The following conclusions are drawn based on these case study
examples:

The energy release rate of a crack in the softer material is greater than that in the stiffer material, when
the bi-material plate is subjected to far field loads normal to the interface, and vice versa when it is subjected
to far field loads parallel to the interface.

A crack approaching an interface from a stiffer material at first tends to grow towards the interface.
However, once the crack crosses the interface, the crack may not grow further in the softer material, if the
fracture toughness of the two materials is similar. Conversely, when a crack approaches an interface from
a softer material, it tends to slow down, however, once it has crossed the interface, it will continue to
propagate into the stiffer material.

If a crack is surrounded by some nearby stack arranged cracks, the crack will usually be shielded. Ex-
perimental evidence is provided to support the above prediction. An amplifying effect may occur, however,
if the surrounding cracks are moved a certain distance away parallel to the interface.
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Fig. 11. The energy release rates (normalized by ¢?na(x; + 1)/(811,)) of an interface crack interacting with another parallel crack: (a) at
the tip A of the interface crack, and (b) at the tip B of the other parallel crack.

When an interface crack interacts with a parallel sub-crack, the amplified interaction effect occurs when
the two cracks are nearly in a line, and the greatest amplified effect is observed when the sub-interface crack
is near but a little away from the interface in the softer material.
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